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Abstract 
The fairing of contours is an important part of the computerised production of curved objects. A number of different 
fairing strategies have been proposed. In a recent paper we have introduced an extension of Kjellander's algorithm for 
fairing parametric B-splines, which can be applied to a wide range of two- and three-dimensional curves. In this paper we 
describe developments towards a fully automated fairing procedure based on our new algorithm. Like that of Kjellander, 
our algorithm fairs by an iterative process. The key problems are to decide which points need to be faired and how many 
times to iterate. Sapidis (1992) has proposed a curve fairness indicator to locate points to be faired and a criterion for 
termination of fairing. However, we have found that for interpolating curves with great variation in curvature Sapidis' 
criterion tends to concentrate fairing on regions with large curvature. Therefore we have developed anew scale-independent 
curve fairness indicator which does not suffer from this drawback. A number of examples of faired curves are presented. 
@ 1999 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
CNC machining of curves requires the data representing the curve to be digitised. Many designs, 
particularly graphic objects such as logos, are still digitised from hard copy. Such digitisation in- 
evitably leads to errors which, even if minor, can be transformed into visually intrusive imperfections 
in the machined object. The reduction of these errors, the so-called fairing process, has been the 
subject of considerable r search. Fig. 1 shows a simple example of two curves from a letter "C", 
before and after fairing. Another example is given in Fig. 2, where the curve to be faired forms part 
of a letter "S". The precise strategy of fairing depends on the particular curve fitting procedure used 
for the object in question. The parametric B-spline is one of the more common and more effective 
curve fitting procedures [2]. Kjellander eported an algorithm which allows uniformly parametrised 
B-splines to be faired [4]. 
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Fig. 1. A simple example of fairing using our extension to Kjellander's method. The original curve is shown in (a) and 
the curve after fairing is shown in (c). In (b) and (d) we show the curves from (a) and (c), respectively, together with 
the data points (marked by squares) and the curvature plot (as a broken line). The curvature of the faired curve is nearly 
constant. 
Unfortunately, many digitised curves cannot be satisfactorily represented using uniform pararnetri- 
sation and therefore cannot be faired by Kjellander's method. The use of non-uniformly parametrised 
B-splines allows a much wider range of digitised curves to be represented. Recently we introduced 
an extension of Kjellander's algorithm which can be applied to non-uniformly parametrised curves 
and is presented after the next section. A fuller description of the extended algorithm is given in 
Pet'. [7], which also contains the full mathematical justification for the method. 
This paper describes our strategy for automating the extended algorithm so that it can be incor- 
porated into appropriate software packages. Our strategy follows that of Kjellander in fairing by an 
iterative process. However we have found that in the non-uniform case the more obvious extensions 
of Kjellander's strategy to locate points to be faired are unsatisfactory. Sapidis [9] has proposed a
curve fairness indicator for points to be faired on an approximating curve but we have found that 
it is unsatisfactory for our interpolating curve. In this paper we present our new scale-independent 
curve fairness indicator based on that of Sapidis. 
J.F. Poliakoff et al./Journal of Computational nd Applied Mathematics 102 (1999) 7345 75 
(b) (a) 
Fig. 2. An example of a curve which needs to be faired. The curve (b) is taken from the letter "S" shown in (a) and a 
cubic spline fitted with quadratic end conditions. The quality of the curve can be seen to be very poor with considerable 
variation in curvature and a number of unnecessary inflection points. The same curve with its curvature plot is shown in 
Fig. 3. 
In order to speed up the process of fairing, we have also incorporated a modification of a method 
proposed by Ding et al. [1] for a two-stage process; initial "rough fairing" to improve points with 
curvature of the wrong sign before continuing with a finer process of "finish fairing". All the points 
are adjusted using our extension of Kjellander's algorithm. 
Sapidis [9] also proposed a criterion for termination of fairing which can be applied to our al- 
gorithm, although his fairing procedure is somewhat different from ours. Therefore, we have both 
adapted and modified his criterion and the results, which we describe, show that without this mod- 
ification the termination criterion is not always effective in that it sometimes terminates the fairing 
too soon. 
2. The fairing process and curvature plots 
Curve fairing is a process of removing undulations caused by small inaccuracies in the positions 
of data points, as illustrated for a simple example in Fig. 1. There is a consensus among previ- 
ous authors that the fairness of a curve is closely related to the way the curvature varies along 
the curve [1-3, 5, 6, 8-10]; large and frequent fluctuations in curvature are generally considered 
bad, whereas a curvature which is monotonically increasing or decreasing is more acceptable. When 
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the curvature has no variation, we have a perfect circle or circular arc, which may be considered 
an ideal curve although of little practical usefulness. Other mathematically simple curves such as 
parabola, ellipse, sine wave and exponential have curvature which varies continuously along the 
curve with changes in monotonicity mostly dictated by symmetry or periodicity. In the example in 
Fig. 1 the faired curve has curvature almost constant but it does in fact first increase monotonically 
and then decrease monotonically. All the above authors agree, more or less, over the choice of 
fairness criterion. Curvature plots can be used to show how the curvature varies along the curve and 
are suggested by some authors for interactive fairing [1, 2, 6, 9]. By modifying slightly criterion 
A of Sapidis et al. [10], we have adopted the following criterion of fairness: a curve is fair i f  the 
curvature plot is continuous and is as close as possible to a piecewise monotone function with as 
few monotone pieces as possible. Although curvature plots are most often used in interactive fairing, 
we have also found it useful to display the curvature plot along the curve in order to judge the 
quality of curves during the development of our algorithms. It is important to stress that the fairing 
procedure is totally independent of the method used to plot the values of the curvature in the visual 
representation. 
A curvature plot can be plotted along the curve as an offset curve with offset distance proportional 
to the curvature, x, as shown by the broken line in Figs. l(b) and (d). The direction of the offset 
is chosen so that for positive x the curvature plot is to the right of the curve and for negative x to 
the left. Thus, the curvature plot will be on the "outside of the bend" and will cross the curve when 
there is a point of inflection (x = 0), as can be seen near one of the fiat spots in Fig. 1 as well as 
in several places in Fig. 3. 
Kjellander's method [4] for fairing uniformly parametrised cubic splines improves the fairness 
of the curve according to the above criterion and we have extended it to the wider class of non- 
uniformly parametrised cubic splines. In all our examples we have used chord-length parametrisation 
[2]. A simple example of our extension of Kjellander's method is shown in Fig. 1, where small 
adjustments have been made to a number of data points to give a fairer curve without fiat spots. In 
order to automate the process of fairing we need (i) a method to identify automatically the point at 
which to fair and (ii) a criterion for termination of the fairing process. 
3. Our extension to Kjellander's algorithm 
Kjellander's algorithm for uniform cubic splines involves finding the "worst" data point and mov- 
ing that point. The new position is found by assuming that the third derivative is zero there and that 
all other derivatives there and at other data points are unchanged. The point to be faired is chosen 
by calculating for each point the distance to be moved and then choosing the point for which the 
distance is greatest. After fairing a new curve is fitted to the new set of data points using the same 
end conditions. Below we give the result obtained for non-uniformly parametrised cubic splines, 
which reduces to Kjellander's algorithm in the uniform case. 
Suppose that for some integer n there is a non-uniform parametric ubic spline passing through 
data points r~ to rn and that the curve needs to be faired at point rk, where l<k<n.  Let the 
change in parameter, t, between data points ri and r;+l be A~ >0 (rather than 1 in the uniform case). 
Then the change in the third derivative at ri is equal to 12 (1/A3_1 + 1/A 3) ( rk -  r*), where r* 
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is given by 
r* = (~+~,)+½(~_ek+, )+~(~ _ ~ ) A ~  
and "." represents differentiation with respect to t. By equating the third derivative to zero, we obtain 
the new position for ri as: 
rk- I rk+l \ / (A__.~I + .~_k~ 1 / rk-1 i~k+l 1 
rk(new) = r* = 
For the uniform case, all the Ai are 1, so we obtain Kjellander's original algorithm: 
1 1 rk(new) = ~ (rk-t + rk+l) + ~ (/'k-1 -- rk+l). 
4. Rough and finish fairing 
Ding et al. [1] describe a method of fairing in two stages, consisting of rough fairing followed 
by finish fairing. Their work involves the non-parametric case, so they use the second derivative 
as an approximation to the curvature. In particular, for rough fairing, they look for "rough" points 
where the second derivative is of opposite sign to that given for the curvature for the section. Thus, 
the rough fairing allows initial adjustment of data points where the curvature is of the wrong sign 
before looking for finer variations in curvature. Ding et al. make various suggestions for choosing 
the "worst" point at which to apply the finish fairing algorithm. 
4.1. Sign criterion for rough fairing 
We have adopted the idea of rough fairing but we use x instead of the second derivative (because 
we are using the parametric ase). As our curve data contains no indication of the sign of the 
curvature, we have adopted the sign criterion for a rough point, whereby a point is considered to be 
rough if the curvature is of opposite sign to that at both of the adjacent data points. Thus, our rough 
fairing allows initial adjustment of all data points close to which there are two points of inflection 
before going on to the finish fairing. We have found that simultaneous fairing of all rough points 
usually produces a curve without rough points within a few iterations and speeds up the fairing 
process. Fig. 3 shows the curve from Fig. 2(b) with data points and curvature plot; Fig. 4 shows 
the result of three iterations of rough fairing of this curve. 
4.2. Fairness indicator for finish fairing 
Sapidis [9] proposed a strategy for the automatic fairing of curves by finding the point at which 
there is the largest jump in the rate of change of curvature and then fairing at that point. Kjellander 
[4] suggested fairing at the point where there is the largest distance to be moved according to his 
algorithm, which in his uniform case is proportional to the largest jump in the third derivative. In 
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Fig. 3. The curve from Fig. 2(b) together with the data points and curvature plot. The poor quality of the curve can be 
seen very clearly from the curvature plot and the inflection points can be identified where the curvature plot crosses the 
curve. The rough points are indicated by arrows. 
the uniform case, therefore, these two criteria are equivalent, since a constant factor will not affect 
the choice of point. Thus, either of these criteria could be used for the extension of Kjellander's 
algorithm. The latter criterion was also suggested by Ding et al. [1] in the non-parametric case. We 
have found that all these criteria depend on scale, so that for a curve with considerable variation in 
curvature the fairing will tend to concentrate ither where the curvature is largest (small scale) or 
where the curvature is smallest (large scale). In comparing the various fairing indicators we have 
used the same curve fitting techniques and end conditions, varying only the fairness indicator. In 
the case of part of the letter "S" from Fig. 2(b), using the largest jump in the rate of change of the 
curvature results in the fairing being concentrated in the region of high curvature at the lower left, 
as shown in Fig. 5. Our new fairing criterion avoids such problems of scale by being independent 
of scale. 
5. The new scale-independent fairness indicator 
We first explain what is meant by scale-dependence and independence. We define a quantity to be 
dependent on scale if it is of dimension L" for nonzero n, where L is distance. Otherwise the quantity 
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Fig. 4. The curve from Fig. 2(b) after 3 iterations of rough fairing (with curvature plot). The curve is considerably 
improved and there are now no rough points. The original data points before fairing are marked by squares. The numbers 
indicate how many times each data point has been faired. 
is independent of scale. Thus, the distance to be moved is of dimension L ~, so it is scale-dependent 
and will increase as the scale is increased. Similarly change in third derivative is of dimension L1/L 3, 
i.e., L -2, so it is also scale-dependent but will decrease as scale increases because of the negative 
index. 
Sapidis [9] defined the local fairness indicator, zi, as the magnitude of the change in dx/ds at the 
ith data point, ti, where x is the curvature and s is the distance along the curve, i.e. 
dx dlc (ti-) z, = ( t ,+  ) - 
(The Appendix to this paper gives a simplified formula for finding the change in dx/ds.) The point 
to be faired is then the point with the largest value of zg. We have found that fairing using this 
criterion tends to concentrate on points where the curvature is largest in magnitude, as can be seen 
in Fig. 5. The reason for this effect is that z; depends on scale, with n = - 2. If we take a set 
of data points and increase the scale, say by doubling it, then the shape will be the same but the 
value of z~ will actually decrease by a factor of 4. It should be noted that end conditions are also 
sealed where necessary. Thus, since we are using chord-length parametrisation, the new curve will 
be a sealed-up copy of the original. Now suppose that the two sets of data points (or translations 
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Fig. 5. The curve from Fig. 4 after 57 iterations of finish fairing using Sapidis' curve fairness indicator (with curvature 
plot, original data points and number of times each point has been faired). The fairing tends to concentrate onthe region 
of high curvature. 
or reflections of them) with identical defects in shape, apart from scale, are part of the same curve. 
Then, using Sapidis' zi as curve fairness indicator, it will be multiplied by a larger factor on the 
section of smaller scale. So the fairing will be concentrated on the section of smaller scale even 
though the other section has identical defects but scaled up. This deduction agrees with what we 
see in practice, as shown in Fig. 5, where the fairing is concentrated in a region of high curvature. 
Hence we propose that scale independence is a desirable property for a curve fairness indicator, 
although it is not sufficient o guarantee success. 
The local fairness indicator can be made scale-independent by dividing by x 2. The new definition 
is then 
d~¢t.+~- dKct.__hl 
ds \ t I ds ~ l J l  
Zi = /~(ti) 2
This is, in fact, equivalent to the magnitude of the change in dR/ds at the ith data point, where R is 
the radius of curvature (equal to 1/x). This choice of zi is, thus, intuitively simple but, unfortunately, 
the results are not satisfactory, because fairing tends to be concentrated near points of inflection 
(where the curvature is very small in value). We have found that this effect is reduced by using the 
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Fig. 6. The curve from Fig. 4 after 57 iterations of finish fairing using our curve fairness indicator (with curvature plot, 
original data points and number of times faired). The fairing does not concentrate on any particular region of the curve. 
maximum of three curvature values (at the point ri and the two adjacent points) together with an 
estimated curvature proportional to the inverse of the parametric distance between the two adjacent 
points, ti+~ - ti_~. 
Thus, ignoring numerical constants, we have found that an effective local fairness indicator is 
given by 
d~(t.q_ ~ _ dKQ._)[ (ti+! -- ti--l) [ds ~, 1 j dsk z 
zi = max(I ~ (ti-,)l, Ix(t/)[, I ~ (t;+l)l)' 
where tj is the value of the parameter at the j th data point. This fairness indicator will be unaltered 
by scaling up or down of the data points. The result of fairing using this method for calculating 
zi is shown in Fig. 6. It can be seen that the fairing is no longer concentrated in one particular 
part of the curve. From the curvature plots it is clear that the curve in Fig. 6 is fairer than that in 
Fig. 5. The two fairing processes are illustrated in Fig. 7; the curves from Figs. 5 and 6 are shown 
but without curvature plots. 
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Fig. 7. A comparison of the two curve fairness indicators for the curve from Fig. 4. The curves from Figs. 5 and 6 
are shown without curvature plots in (a) and (b), respectively. Although they have been faired for the same number of 
iterations the curve in (b) using our algorithm is considerably fairer. 
6. Termination of fairing 
In order to decide when to terminate fairing Sapidis proposed a 9lobalfairness indicator (s for the 
curve which is the sum of the zi for all internal data points. The effect of fairing at the point with 
largest value of zi is generally to decrease the value of (s. Sapidis suggested that the fairing should 
continue until the value of (~ reaches a minimum, i.e., it would not be decreased by one further 
iteration of fairing. We have found that this criterion can often result in premature termination of 
the fairing, as can be seen in Fig. 8. The curve produced after 7 iterations is clearly less fair than 
that in Fig. 6 after 57 iterations. We have found that the value of (s usually decreases but it can 
occasionally increase once before decreasing considerably further subsequently. We have developed 
a new termination criterion which examines four consecutive values of ~ and terminates when the 
ratio of the minimum to the maximum of the four values is larger than a given fixed tolerance, ~. 
With r set to 0.99 the curve from Fig. 4 is faired 57 times before termination, resulting in the curve 
shown in both Figs. 6 and 7(b). 
Preliminary testing of our new termination criterion has produced successful results, as can be 
seen in Fig. 7. The result of  fairing a second example is shown in Fig. 9 with four curves using the 
new fairness indicator and with termination using our new termination criterion. 
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Fig. 8. The curve from Fig. 4 after finish fairing using our curve fairness indicator and Sapidis' termination criterion 
(with curvature plot, original data points and number of times faired). The fairing terminates after only 7 iterations and 
the result is less fair than the curve in Fig. 6. 
7. Conclusions 
Our method of fairing involves two stages, rough and finish fairing. In both stages the adjustments 
made are according to our new extension of Kjellander's method. Rough fairing repeatedly moves all 
"rough" points, where the curvature is of opposite sign to that at both adjacent points. Finish fairing 
repeatedly moves the "worst" point according to the new curve fairness indicator and terminates 
using the new termination criterion. 
Fairing using the new scale-independent local curve fairness indicator has been tested on a wide 
range of curves with improved results compared to other methods for the fairness indicator. The 
new fairing termination criterion shows promising results and further evaluation is in progress. 
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Fig. 9. A second example of the use of our curve fairness indicator for the case of the outer contour of a letter "B". The 
original curve (a) has been faired to produce (c), with termination using our new termination criterion. The corresponding 
curvature plots are shown in (b) and (d), respectively. 
Appendix 
Sapidis et al. [10] explain how to calculate Zi = [/~' ( t / - - )  - -  /~' ( t / J c ) [ ,  where x '= dx/ds as follows. 
Firstly ~( t )= dx(t ) /dt  is found as 
~(t) = Yc(t) );(t) - ~i(t)p(t) ., . .)~(t)2(t) + p(t)p(t )  (A.1) 
0c(t) 2 + ))(t)2)3/2 - i x ( t )  ~-~(-~ + ))(t)2 
and then K'(t) is found as x'(t)= ~(t)/llds(t)/dtl[, where s represents the vector (x, y). 
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We have noticed that the calculation can be considerably simplified by writing 
] ~(t i - )  ~(ti+) I~(tj-) - ~(t,+)l 
z ,= II~(t,)ll I I~(t;) l l -  II~(t/)ll 
Then, since x and the first and second derivatives of x and y are continuous at t/, the second terms 
in the expressions from Eq. (A.1) for ~(t i - )  and ~(ti+) are both equal to 
_ 3tc( ti )fc( ti )Jc( ti ) q- P( ti ) fP( ti ) 
i (  t, ) 2 + p( ti ) 2 
Therefore they will cancel on subtraction, giving 
x(ti )( Y(ti-- ) -- Y(ti-~-)) -- y(ti )('X(ti-- ) -- X(ti-I- )) 
Zi : (Yc(ti)2 + 3)(ti)2)2 , 
since 
IIs(t,)ll = (-~(/i) 2 + .v(ti)2) 1/2. 
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